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Abstract. Let g = gg + 0i be a basic classical Lie superalgebra over an alge- 
braically closed field k of characteristic p > 2, and G be an algebraic supergroup 
satisfying Lie(G') — g, with the purely even subgroup Gev which is a reductive 
group. In this paper, we prove that the center Z := Z.(g) of the universal en- 
veloping algebra of g is a domain, and U{q) ®z Frac(Z) is a simple superalgebra 
over Frac(Z,). And then we prove that the quotient field of Z coincides with that 
of the subalgebra generated by the Gov-invariant ring Z'^""' of 2, and the p-center 
Zo of C/(go). In the case when g = osp(l|2n), Z is just generated by Z'-^"^ and 
Zq. Furthermore, we will demonstrate the precise relation between the smooth 
points of the maximal spectrum Maxspec(Z) and the corresponding irreducible 
modules for osp(l|2). 



1. Introduction 

The center of the universal enveloping algebra of a Lie algebra is essential to 
the study of the representations and has been known in great depth over an al- 
gebraically closed field k of positive characteristic p (cf. [6], [23], [36] and [ID], 
etc.). To our best knowledge, there has been little understanding of the center 
of the universal enveloping superalgebra of a Lie superalgebra over k. Generally 
speaking, the structure for the latter seems to be much more complicated. There 
are lots of zero-divisors in the universal enveloping algebras in the supercase. And 
the centers of those universal enveloping algebras are by definition supercommu- 
tative, therefore, generally containing lots of odd elements. The present paper is 
concerned with this issue. Let g = + Si be a basic classical Lie superalgebra 
over k. There is an algebraic supergroup G satisfying Lie(G) = g, with the purely 
even subgroup Gov which is a reductive group (see §2.3p . The center Z{g) of the 
universal enveloping algebra U (g) turns out to be commutative instead of being 
supercommutative. Furthermore, this center Z{g) is proved not to contain any 
divisor with desirable properties as below. 

Theorem 1.1. Let q be a basic classical Lie superalgebra over k, and Z := Z{q) 
the center of the universal enveloping algebra f/(g). The following statements hold: 

(1) Z is a domain. 
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(2) The fraction algebra T>{g) ofU{g) over the fractional field Frac{Z) of Z is 
simple, as an ordinary associative algebra, therefore a simple superalgebra 
over FraciZ). 

Thus, we can exploit the arguments in [23] for the ordinary Lie algebra case 
(resp. for the case of quantum groups at unity root [13]) to the supercase. We will 
finally obtain the following main result. 

Theorem 1.2. Let Zi be the subalgebra of Z generated by Zq and 2.*^'=" , and let f) 
be the Cartan subalgebra of qq and W be the Weyl group of qq. Then 

(1) Frac(2.*^™) is isomorphic to Frac(?7(f))^) as fileds. 

(2) Fraclz) = Frac{Zi). 

For better understanding the above, we recall the geometric features of the center 
of the universal enveloping algebra of a reductive Lie algebra in prime character- 
istic. Denote by Maxspec(i?) the maximal spectrum of R for a finitely-generated 
integral domain R over k. Then, for a reductive Lie algebra 0, the Zassenhaus 
variety X = Maxspec(2!,(0)) is a normal variety, the smooth points in the vari- 
ety corresponds to the irreducible representations of maximal dimension. Such an 
algebraic-geometric feature connects the key information of representations of g 
to the geometry of X (cf. [SI [231 ESI ES])- But in the Lie superalgebra case, the 
situation seems to be much complicated because of appearance of zero-divisor, and 
because of the absence of normality of the Zassenhaus variety. It's a great challenge 
to make some clear and general investigation on the connection between modular 
representations of classical Lie superalgebras and the geometry of the correspond- 
ing Zassenhaus varieties. The study of the former was initiated by Wang and Zhao 
(ref. [38] and [39]). 

Nevertheless, we can provide more information in the special case when g = 
05p(l|2n). In such Theorem 11.21 has a stronger version that Z^^"" is iso- 

morphic to ?7(f))'^, and 2, coincides with Zi (see Theorem 16.51) . Furthermore, 
for Q = osp(l|2) we can describe the smooth locus of Z to be the union of B 
and Ann2,(L(2^)) where B = {Ann2,(M) | M is a simple [/^(g)-module with x ^ 
Qq* regular} (see Theorem 17. 151) . 

It's necessary to remind the readers of comparing the center structure of en- 
veloping algebras of Lie superalgebras and Harish- Chandra homomorphism in the 
modular case (as in the present paper) with that in the complex number case. For 
the latter, one can be refereed to [12] and [22], etc.. 

2. Preliminaries 

We always assume = 0o + 0i is a finite-dimensional Lie superalgebra over 
an algebraically closed field k of characteristic p > 2. Let U{q) be the universal 
enveloping superalgebra of q. 

By vector spaces, subalgebras, ideals, modules, and submodules etc. we mean 
in the super sense unless otherwise specified, throughout the paper. 
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2.1. Restricted Lie superalgebras. A Lie superalgebra = 0o + 0i is called a 
restricted Lie superalgebra if Qq is a restricted Lie algebra and Qi is a restricted mod- 
ule for 00- Momentarily, we fix a basis {xi, ■ ■ ■ ,Xs} of 00 and a basis {yi, ■ ■ ■ ,yt} 
of 01 for the arguments below. 

Denote by Z{g) the center of U{g), i.e. 2,(0) := {u G U{q) \ adx{u) = Vx G 0}. 
It's easily seen that for any z G 2,(0), z = Zq+Zi, Zi E U (0)^, i = 0,1, then Zi G 2,(0). 
This is to say, 2:>(0) is a Z2-graded subalgebra of U{q). In the sequel, we will often 
write 2.(0) simply as Z provided that the context is clear. 

By the definition of a restricted Lie superalgebra, the whole p-center of U{qo) 
falls in Z, this is to say, — G 2., Vx G 0o- We denote the p-center by 2-0. 
Set = x\ — xY^ ,i = 1, . . . ,s. The p-center 2-0 is a polynomial ring k[^i, ■ ■ ■ ,^s] 
generated by ^1, ... 

By the PBW theorem, one easily knows that the enveloping superalgebra U (0) 
is a free module over 2o with basis 

xT--- <'yi ■ ■■yt\0< a, < p- 1, b, E {0,1} for t = !,■■■ ,s,j = !,■■■ ,t. 

2.2. Reduced enveloping algebras of restricted Lie superalgebras. Let V 

be a simple ?7(0)-module for a restricted Lie algebra as the previous subsection. 
Then Schur's Lemma implies that for each x G 00, x^ — x'^^ acts by a scalar xi^Y 
for some x ^ 00*- We call such a x the p-character of V. For a given x ^ 00*) 

be the ideal of U{q) generated by the even central elements x^ — x'^' — xi^Y- 
Generally, a module is called a x-reduced module for a given x ^ 0* if fo^^ ^iny 
X G 00, x^ — x'^l acts by a scalar xi^Y- AH x-reduced modules for a given x ^ 0* 
constitute a full subcategory of the f/(0)-module category. The quotient algebra 
[7^(0) := [7(0)//^ is called the reduced enveloping superalgebra of p-character 
X- Obviously, the X" reduced module category of coincides with f/^(0)-module 
category. The superalgebra f/x(0) has a basis 

< • • ■ x^y',' ■ ■ -y't^O < a, < p - l;b, E {0,1} ioi t = 1, - ■ ■ s;j = 1, - ■ ■ ,t. 
In particular, dim?7x(0) = pdimgo2dimgi^ 

2.3. Basic classical Lie superalgebras and the corresponding algebraic 
supergroups. Let = 0o + 0i be a basic classical Lie superalgebra over k. We 
list all the basic classical Lie superalgebras and their even parts over k with the 
restriction on p (cf. [21], [38]). 



Basic classical Lie superalgebra 


00 


characteristic of k 


0[(m n) 


0[(m) ©0l(n) 


p>2 


sl(m n) 


si{m) ©sl(n) © k 


p > 2,p \ {m — n) 


osp(m n) 


so(m) © sp{n) 


p>2 


F(4) 


s[(2) ©so(7) 


p> 15 


G(3) 


sl{2) © G2 


p> 15 


D(2,l,«) 


5[(2) ©s[©s[(2) 


p>3 



There is an algebraic supergroup G satisfying Lie(G') = such that 
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(1) G has an subgroup scheme G^v which is an ordinary connected reductive 
group with Lie(Gev) = 00! 

(2) There is well-defined action of Gev on g, reducing to the adjoint action of 

00- 

The above algebraic supergroup can be constructed as a Chevalley supergroup in 
[H]. The pair (Gev,0) constructed in this way is called a Chevalley super Harish- 
Chandra pair (cf. [IHl 3.13] and [HI 5.5.6]). Partial results on G and Gev can be 
refereed to [5l Ch. II.2], [lb], [H], [151 §3.3], and [351 Ch.7], etc.. In the present 
paper, we will call Gcv the purely even subgroup of G. One easily knows that q is 
a restricted Lie superalgebra (cf. [301 Lemma 2.2] and [31]). 

Recall that Maxspec(2,o) is Gcv-equivalently isomorphic to q*^^'' (cf. [231 Lemma 
4.1]), where the superscript '■^^ means the Frobenius twist (cf. [231 §4]). In the 
sequel, we will identify Maxspec(2,o) with Q^^^ ■ Therefore, we can consider the 
coadjoint action of Gev on Maxspec(2.o). And, the adjoint action of Gev on g can 
be extended to the universal enveloping superalgebra t/(0), as automorphisms. 

2.4. Root space decomposition. Under the restrictions on p as above, we have 
the following proposition for all basic classical Lie superalgebras: 

Proposition 2.1. (cf. [211 2.5.3] and [381 §2]j Let q he a basic classical Lie super- 
algebra over k. Then q has its root space decomposition with respect to a Cartan 
suhalgebra t)-' = t) © 0q, which satisfies the following properties: 

oGA 

(1) Each root space Qa is one- dimensional. 

(2) For a, /3 e A, [qq,, g^] if and only z/a + /3 G A. 

(3) There is a non- degenerate super-symmetric invariant bilinear form ( , ) on 
Q. And (0a, 0/3) = for a ^ — /3; the form ( , ) determines a non-degenerate 
pairing of o-nd and the restriction of { , ) on i) is non- degenerate. 

(4) [ca, e_o] = (Cq,, e-Q.)ha, where is a non-zero vector determined by {h^, h) = 
a{h),W hei). 

3. The center is a domain: the proof of Theorem 11.11 

Throughout the section, we will maintain the notations and assumptions as in 
Theorem 11.11 In particular, q will always be assumed to be a basic classical Lie 
superalgebra over k, as listed in §2. 

3.1. All central elements in U{g) are even. We first need the notion of anti- 
center A{L) of U{L) for a Lie superalgebra L introduced in [16]. There is a twist 
adjoint action adt of L on U{L) which is defined via a,dtx{u) = xu — {—lY^'^~^^\x 
for homogeneous elements x G and u G U{L)u where x,u & TL^. The anticenter 
AiV) is defined to be the set of elements of UiL^ which is invariant with respect 
to adt. 

For A{L\ there is a basic fact as below (cf. [T6]). 

Lemma 3.1. //dimLj is even (odd), then the degree of each element in A{L) is 
even (odd). 
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As a direct application of the above lemma, we have the following observation 
for a basic classical Lie superalgebra. 

Proposition 3.2. Let g be a basic classical Lie superalgebra. Then the following 
statements hold. 

(1) Each element in Z{q) has even degree, that is to say, Z{q) C t/(0)o0 

(2) Z{q) is a finitely generated Zo-module, integral overZ^. In particular, Z{q) 
is a finitely generated commutative algebras over k. 

Proof. (1) Recall that for a basic classical Lie algebra = 00 + fli; dimgj is even. 
Lemma [3.11 implies that A{q) C U{q)q. On the other hand, for each homogeneous 
elements z G 2,(0) and a G ^(0), and for homogeneous element x G 0, one has 
x{za) = (—l)^^zxa = {—l)^^(—lY^'^~^^)zax = (—iy^^"-'^^\za)x. Therefore, za G 
^1(0), so M = by Lemma [3.11 again. This implies z is an even element. 

(2) We know that U{g) is a free Zo-module with finite basis. Since Zq is iso- 
morphic to a polynomial ring, U{q) is a Noetherian Zo-module. Thus Z is finitely 
generated 2,o-submodule of U{q). Assume set of generators of 2- 

over 2,0. Then for each 2; G 2,, we have equations with coefficients in Zq'- 

And then, we have 'Y^{z5ij — aij)xj = 0,i = 1, ■ ■ ■ ,1. Therefore, we have 

{zI-A)(^ : j =0, (3.1) 

where / is the identity matrix, and A = {aij)ixi- Multiplying the adjoint matrix of 
the coefficient matrix on the two sides of the equation (13. ip . we can obtain 

det{zl -A)\ : =0. 

This implies in force that det(2;/ — A) = 0. Hence 2,(0) is integral over 2o. □ 

3.2. The center does not contain any zero-divisors of U{q). We will first 
show that U{q) is prime. 

Definition 3.3. (cf. [3]) Let L = Lq + Li he a. Lie superalgebra over k, and 
{yi,y2, ■ ■ ■ ,yn} be a basis of Lj. In the symmetric algebra ©(Lg), we define an 
element d(L) which is the determinant of the n x n matrix over &{Lq) whose 
(i, j)-entry is Xij := [yuVj]] if = 0, define d(L) = 1. 

Remark 3.4. Up to a nonzero scalar multiple, ci(L) is not independent of the 
choice of basis. This is well-enough-defined for our purpose whether it is zero or 
not. Note also that ci(L) is either or a homogeneous polynomial in &{Lq) of 
degree n. 



^This statement can be proved directly by the triangular decomposition of basic classical Lie 
superalgebras. We thank Weiqiang Wang for his pointing it out. 
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The proof for Theorem 11.11 will be strongly dependent on the following result 
from 

Theorem 3.5. (cf. [H Theorem 1.5]) Let L = Lq + Li be a Lie superalgehra with 
a basis {yi,- ■■ o/Lj, and with d{L) G &{Lq) defined as above. If d{L) ^0, 
then U{L) is prime. 

Turn to the basic classical Lie superalgebra g. Let's proceed our arguments for 
the proof of Theorem 11.11 Let Af = {ai,a2, ■ ■ ■ ,ar} be the positive odd root 
space, where r = idimgj, and Cq. be the root vector of the one-dimensional root 
space g^^ of a^. Thus we have an ordered basis of gi: 



By Proposition 12. 1^ we have 

[ea,e/3] = 



0, 



if a + f3 E A and a + /3 7^ 0, where Ua+p G k; 
if a + ^ A; 
if a + /3 = 0. 



In order to show that d(g) is non-zero, it suffices to check that d(g) is nonzero at 
some point as a polynomial in ©(go)- Note that all Xq^^? := [6^,6^3] for G Ai 
with a + /3 & Aq, are algebraically independent of those nonzero /i G P) in ©(gg). 
So d(g) is a polynomial over those nonzero elements Xa,i3 and ha for a, /3 G Ai with 
a -f /3 G Aq. So we only need to make it certified that this polynomial is valued 
to be nonzero when we take those indeterminants to be some special values. For 
example, take all indetermiants Xa,/3 valued to be zero. This makes d(g) take the 
following value: 



















'^2^02 










(^rhar 











Cilhai 
























n By Proposition O 

i=l 



where = (eQ^,e_Q,-). This value is equal to 

we have (eQ,-,e_Q,-) 7^ 0. Therefore d(g) 7^ 0. Hence U{q) is prime. 
Thus we have the following corollary 

Corollary 3.6. Maintain the notations as in Theorem \l.l\ Then U{q) is prime 



Proof of Theorem 11.1( 1): We will prove this statement by reduction to ab- 
surdity. Suppose there exists a zero-divisor z G 2. of f/(g). Then there exists a 
nonzero element u G f/(g) such that zu = 0. Thus for any element r G U{q), 
zru = rzu = 0, where the second equality is due to 2!, C f/(g)o- The primeness of 
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U{g) due to Corollary I3.6[ implies in force that z = or u = 0. Furthermore, it 
must happen that z = because of the assumption u ^ 0, which contradicts to the 
hypothesis that 2; is a zero-divisor. So Z has no zero-divisor in U{q). We complete 
the proof. 

In the sequel, we will always denote by F the fractional field of Z. Set T>{g) = 
U{q) ®z F, which is a fractional ring of U{q) over F. 

3.3. T>(g) is a simple superalgebra over the fractional filed F of Z. As we 

have shown that Z C f/(0)o- Then it is obvious that is isomorphic to the 

quotient algebra U{g)zx where Z^ = Z \ {0} as an associative algebra. 

Proof of Theorem [III];2): Recall that U{q) is a free Vmodule of rank p'^'™ 052^^91^ 
So U{g) is a finitely generated Z-module. By [211 Corollary 13.1.13], U{g) is a PI 
ring. Therefore U{g)zy. is a central simple algebra by Posner's theorem (cf. fM\ 
Theorem 13.6.5 ]). Thus, T>{g) is a simple algebra over F, as an ordinary asso- 
ciative algebra. And then it is naturally a simple superalgebra. We complete the 
proof. 

Remark 3.7. By Wall's resuh (cf. [SZl Theorem 1] or [201 Theorem 2.6]), 2)(0) is 
isomorphic to M{r\s) for some r, s. Here M{r\s) stands for the /c-algebra of square 
(r -|- s)-matrices with entries in k equipped with the gradings: M(r |s)o = all square 

f C D \ 

(r + s)-matrices for which D = E = in the (r, s)-block form ( „ , and 



E F 

M{r\s)i = all square (r-l-s)-matrices for which D = E = in the above block form. 
Obviously, M{r\s) is a simple superalgebra over k since the underlying algebra is 
simple. And, all simple (super) modules of D{g) are isomorphic (cf. [20, Corollary 
2.14]. 

4. Restriction homomorphisms 

4.1. In the following we will always assume that G is a basic classical algebraic 
supergroup as described in 12. 3[ and assume g = Lie(G). Then the purely even 
subgroup Gev is a reductive algebraic group, and fl = 0o + 0i is naturally a ba- 
sic classical Lie superalgebra with natural restricted structure which arises from 
00 = Lie(Gcv)- Associated with a given Cartan subalgebra f), one has root space 
decomposition for gg and for g respectively: 

00 = f) © 0a © 0a 

and 



aeA;^ 



= ® 0a © 0a- 

QeA+ aeA" 

Recall that A+ = U A|, A" = Ag U Aj", and A = A+ U A". One has 
a standard Borel subalgebra b of with b = f) © n+ for n"^ = 0a- Set 

P = |(EaGA+ " - E/36A+ and set r = dim f). 
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Let W be the Weyl group of gg- Recall that W naturally acts on i) and t)* 
respectively. Generally, for a W-set X we denote by Z^(X) the pointwise stablizers 
of X, which is a normal subgroup of W. Set = {x G f)* C g* | x{ha) 7^ 0, a G A}, 
the set of regular semisimple elements over f)*. Denote by the quotient group 
W = W/Zw{i)), and Qi := {x e fl \ w{x) = X, G W}. Then Gcv ■ ^^i contains 
a Gev-stable open subset of gg* because fli is an open subset of i)*, and Gov ■ h* 
contains a Gev-stable open subset of gg*. Elements of Ggv • ^1 sue called strongly 
regular. It's easily known that 

W^ = Z^(f)),Vxefii (4.1) 

where = {w & W \ w{x) = x}: the stabilizer of x in 

Associated with x e C g^ and A G A(x) := {A G f|* | X{h)P - A(/iW) = 
x{hy}j one has a so-called baby Verma module Z^{X) which is by definition an 
induced f/^(g)-module arising from a one-dimensional module k\ of b presented 
by {h + n)vx = X{h)vx, for V/i G [),n G n"*", where vx is a basis vector of one- 
dimensional space kx- By the structure of Z^{X), Z^{X) = U^{q) '^u^W kx which 
coincides with U^{n~) ® ^a, as fc-spaces, where n~ = 0Q?eA- 0"- ^'^ have 
dimZx(A) = p(dim8o-r)/22dimgi/2_ gy Waug-Zhao's resuh, Z^(A) is an irreducible 
[/^(g)-module when x is regular semisimple. And the set of p"^ modules {Z^{X) \ 
X G A(x)} constitute the complete one of iso-classes of irreducible f/;^(g)-modules 
under such a circumstance (cf. Theorem 5.6]). 

Recall that the action of purely even subgroup Gcv on representations is given 
by \l/^(x) = '${g~^xg), where \1/ : g — > qK^) is a given representation of g. Let 
T be a maximal torus of Gev with Lie(T) = f). Then W can be identified with 
Ng,^{T)/Cg,^{T) (cf. [m §24.1]), and T stabilizes all points in Qp. Thus, the 
action of Ng^^{T) factors through the action of W. So we can consider the action 
of the Weyl group W = No^^iT) /Cg^^{T) on representations of g. 

Simply write Zy^{X) as ^(A) for a given regular semisimple p-character x i^^ the 
sequel argument. For emphasizing the dependence of ^(A) on a Borel subalgebra, 
we shall write it by Vt,(A) for a moment. By previous arguments, we can describe an 
action of w G on baby Verma modules, by moving Vi,(A) into Vt,„(w(A)). Here 
means the Borel subalgebra w -h- which equals to\) + X]aeA+ Qw{a)- This is 
because if u is a highest vector in Vt,(A) for b, then {h + n)v = X{h)v, /i G f), n G n. 
So, in Vb^{w{X)), {w{h + n)w"^)v = X{h)v. 

Note that for a representation \E' of g with a semi-regular p-character, we have 
*(ea)^ = for a G Aq, and we have either "^{e^y = for /3 G Ai with 2/3 ^ A, 
or "^{e^y G ^^1/(62/3) for /3 G Ai with 2(3 G Aq. So Vi,^{w{X)) admits a unique 
b-stable line. Thus, there must exist some A^ G ()* such that Vt,^(w(A)) = Vt,('^jw)- 

We have the following Lemma, which will be important to Lemma 14. 3[ 

Lemma 4.1. Set s{w) = Y.a&Ao{w) " " E/3gAi(«;) P for w e W, and A(u;) = {a G 
A+ I w'^a G A^}, Aj(u;) = A(ty) fl Aj,z = 0, 1. Then the following statements 
hold. 

(1) A^ = w{X) -5{w). 

(2) s{w) =p-w{p). 



CENTERS OF UNIVERSAL ENVELOPING ALGEBRAS 



9 



(3) Ifwe Zwih), then A„ = A. 

Proof. The proof is an analogy of that for [231 Lemma 4.3]. We give a complete 
proof here for the readers' convenience because some new phenomena appear in 
the super case here, such as the different meaning of p. 

Let u be a non-zero eigenvector for in Vi,„(w(A)), on which the corresponding 
representation is denoted by \1/ temporally. Set 



u = If Cfl TT e 



p-1 



Then 



<iJ'"(u)v = (J] w-'^eawT] 



which is denoted by v' with C a nonzero number in k. By definition, we know that 
v' is actually a nonzero vector of V[,„(w(A)). It's not difficult to check that v' is a 
nonzero b-eigenvector with highest weight A^; = w{\) — s(w). Hence, Statement 
(1) is proved. 

By induction beginning with 5{sa) = p — Sa{p) we can easily prove (2). Combin- 
ing (1) and (2), we get A^ = w{\) + w{p) — p. The condition w G Zi4/(f)) implies 
that A^ = A. □ 



4.2. Next we consider the Harish-Chandra homomorphism 7 : U{q) — > f/(f)), 
which is by definition the composite of the canonical projection 71 : U{q) — > f/(f)) 
and the algebra homomorphism /3 : f/(f)) — > U{i)) defined via h h-> h + p{h) for all 
/i G f). In the following arguments, we will identify U{\)) (=the symmetric algebra 
(3(f))) with /c[f)*] the polynomial ring over f)*. The following lemma is an analogy 
of pn Lemma 5.2], the proof of which can be done by the same arguments as in 
EH, omitted here. 



Lemma 4.2. (cf. j211 Lemma 5.2]j The restriction map of'y: U{q)^ — U{i)) is 
a homomorphism of algebras, still denoted by 7. 

Furthermore, we have the following 

Lemma 4.3. For w G W , G Ng^^(T) a representative of w G W , then we have 
'y{nwZn~^) = W'j{z)w~^, for all z E Z. In particular, 7(2:,^<3e^(T)^ ^ 1/(1))^ . 

Proof. Maintain the notations as previously (in particular, as in the arguments 
prior to Lemma l4.ll) . Recall that for u G U{q), the PBW theorem enables us 
to write uniquely u = (po + ^u^u^^i, such that tpi G [/(()), G f/(n^), and 
u~u'l 7^ 0. And then 71 (n) = ipo. And •j = (3 o •ji. Recall that for z E Z, 
z G U{q)q (cf. Lemma E^D- Hence z acts as a scalar Xa(^) on the irreducible 
module Vti(-^)- In particular, zv\ = Xx{^)v\ for a highest weight vector vx in 
Vt,(A). On the other hand, zvx = (po{\)v. Here we identify f/(f)) with ©({)). So 
Xx{z) = (po{^) = li{z){X). By Lemma the image of Vb(A) under the action 
of w is isomorphic to Vb{Xw), and n^zn'^ acts on Vt,(A scalar Xx^X^) = 
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ipo{Xw)- Then, j{n^znJ){X) = (po{X^ + p) = (po{w{X + p)) = w-f{z)w ^(A). Hence 
'j{n^zn-^) = w-f{z)w~'^. □ 

4.3. We will still denote by Frac(-R) the fractional filed of an integral domain R. 
We will consider the subalgebra f/(g)'~^'="' fl Z which is just Z'^""', a large part of the 
whole center. But we remind the reader distinguishing the correspondent notation 
of Lie algebra. By Proposition 13. 2 [ Z is integral over 2,o. The following result is 
clear. 

Lemma 4.4. For each z G 2.*^™, there exists a unique monic polynomial go{x) G 
Frac{Zo)[x] with minimal degree among those polynomials taking x = z to be a 
root. 

We can obtain the following proposition. 

Proposition 4.5. 7 : 2.*^™ — > f/(f))^ is an injective homomorphism of algebra. 

Proof. We have known that 7 is an algebraic homomorphism by Lemma 14.21 and 
7(2.'^^"') C ?7(P))^ by LemmaH31 Therefore it is enough to verify that 7 is injective. 
Take a nonzero element z G Z^"" . We will prove that 7(2;) 7^ 0. According to 
Lemma 14.41 there exists a unique monic polynomial go{x) with minimal degree 
such that go{z) = z"^ + aiz"^~^ + ■ ■ ■ + am-iz + = 0, aj G Frac(2,o). By [23} 
Lemma 4.6], we know Frac(2o)*^°^ = Frac(2o*^°^). So we immediately get that 
all those G Frac(2,o'^''''). For the restriction on Zq'^^^ of 7, we have known 
by the arguments in [23] that 7 : Zq^"" — > U{i))^ is injective. By a natural 
extension, it is easy to check that 7 is also injective on Frac(2.^''''). Note that 
cr(a) = a for cr G Gov and for a G Frac(2,o)'^'=^ = Frac(2o'~^''''). Applying the 

m 

algebra homomorphism 7 to that equation, we have J2 l{(^m-i)l{zy + 7(0^) = 0. 

1=1 

m 

And then, 'y{z){'^ '-f{am-i)'y{zy~^) = — 7(am)- By Theorem ll.il Z^"^ has no zero- 

i=l 

divisor. We claim that the constant term 7^ 0. Otherwise, gi{x) := + 
_|_ . . . _|_ ci^_^ is a non-zero polynomial with gi{z) = 0, a contradiction with 
the assumption of minimal degree. This implies in force that 7(0^) 7^ 0. Hence, 
7(z) ^0. □ 

5. The structure of center: proof of Theorem 11.21 

Maintain the notations as before. In particular, set F := Frac(2,) the fractional 
field of Z := Z{g). And set D{g) := U{g) F, which is a fractional ring of U{g) 
over F. 

5.1. By Proposition 13.21 2 is a finitely-generated commutative algebra over k. So 
we have the Zassenhaus variety Maxspec(2.) for g, analogous to the ordinary Lie 
algebra case, which is defined to be the maximal spectrum of 2. We can identify 
Maxspec(Z) with the afEne algebraic variety of algebra morphisms Z to k, the 
latter of which will be denoted by Spec{Z). 
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Denote by Spec{U{Q)) the set of Gey-equivalent irreducible U{Q)-module class. 
Naturally, there is a Gev-equivariant map 

71 : Spec(?7(0)) — )■ Spec(2,), 

which is defined by the central characters over irreducible modules. 

5.2. By Theorem II. 1^ T){q) is a finite-dimensional central simple algebra over F. 
Set q = dim]pD(0). Consider an irreducible !D(g)-module Vf over F. For a given 
non-zero vector v G Vf, we can write Vf = 'D{q)v. Assume dim = /, then q = P'. 
Then we can assume that there are a set of F-basis {vi = t>, f 2, ■ ■ ■ , w;} of Vp, which 
are included in U{q)v. By Proposition 13. 2[ U{q) is free over with finite basis. 
Then U{q) is a finitely-generated Z-module. And we assume the {di, ■ ■ • , dm} are 
a set of generators of U{q) over Z. For each pair {di,Vj), there exists % G Z, such 
that ZijdiVj e '^^Zvt. Denote by C the product of all the central elements Zij. 
Then Ve := U{Q)ev C U{Q)ev, C ^^t- 

For each u G U{q), we have m(Cwi, ■ ■ ■ , Qvi) = {vi, ■ ■ ■ ,vi)U, U is the matrix 
with each entry in Z. So we can define = Tr(f/) G Z and the bilinear form 

B{ui,U2) = $(UlU2). 

Given xi, ■ ■ ■ ,Xg G U{q), consider gth determinant D := Det{B{xi,Xj)qxq), the 
ideal which generates in 2. is called discriminant ideal. Recall that D{q) is a central 
simple algebra over F of dimension q. There must exist a non-zero discriminant 
ideal in Z. Naturally, B{-,-) can be extended to a non-degenerate bilinear form in 

Definition 5.1. Define 21 C Spec(2.) to be the set {ip G Spec(2.) | there exist 
xi, ■ ■ ■ ,Xq E U{q), such that D = Det{B{xi,Xj)qxq) satisfies (p{GD) 7^ 0}. 

By the arguments above, 21 is a non-empty open subset of Spec(2,). 

Lemma 5.2. There exists an open dense subset W of Spec{Z), such that the map 
TTw : TT~^W — )■ W induced from tt is bijective. 

Proof. We will divide several steps to find a desirable W. Maintain the notations 
as in the arguments before Definition 15.11 

We first consider the fiber of vr over (f for </) G 21. According to Definition of 2t, 
there exist xi, ■ ■ ■ ,Xg G U{g) such that v^(CS)) 7^ 0, where 2) = Det{B{xi,Xj)qxq). 
Set := U (0) ®(z,<^) k, and Vk = Vq ®(z,<^) k. Here the tensor products are defined 
over Z, and k is regarded as a 2,-module induced from ip. Set u for u E U (g) to be 
the image of u under the map — 1 : U{q) — > U^. 

We then claim that Xi,i = 1, ■ ■ ■ ,q, form a basis of U^. 

In fact, by the choice of a;i, ■ ■ ■ ,Xq, (/^(S)) 7^ 0. So Xi,i = 1, ■■■ ,q are F-linear 
independent elements in D{q). Then F-basis of D(g). As 

B{-, ■) is non-degenerate, we can take a dual basis {i/i, i = 1, ■ ■ ■ ,q} of the basis 
{xi,i = 1, ■ ■ ■ ,g} in D(0) with respect to this bilinear form. Thus, T)yi G U{q). 
Furthermore, for each u G U{q), 

<? 

= ^B{^u,yi)xi. 

i=\ 
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Since (p{^) 7^ 0, and B{Du,yi) = B{u,T!yi) E Z, we have u = 
ip{B{T)u, yi))xi. That is to say, U^p is /c-spanned by {xj, i = 1, ■ ■ ■ , g}. Furthermore, 
Det(i?<^(xj, Xj)gxg) = V^(2)) 7^ where B^p is fc-valued of B through _B<^ then 
naturally becomes a non-degenerate trace form of U^p defined by the module Vk = 
Vg '^iz,ip) k. The claim is proved. Moreover, dim^ Vk = I. 

Next, we claim that t/<^ is a semisimple algebra, naturally a semisimple super- 
algebra (cf. [11] or [20]). Note that is a central simple algebra over F. By 
the same arguments as used in the proof of [lO, Theorem 5], we can get if x is a 
non-zero element in the Jacobson radical of U^, then for each u G U^, u) = 0. 
The non-degeneracy of B^ ensures that the Jacobson radical of is trivial. So 
the claim on the semisimple property of is proved. 

Furthermore, we note that if the semisimple superalgebra is simple as an 
associative algebra, it has the form Matmik). So p : U{g) — > Matmik) is a 
representation of U{q). And all irreducible representations of g induced from ip in 
this way are isomorphic to Vk, naturally having the same central character. 

Recall that dim^ U^p = q = P hy the arguments above, and that dimfc Vk = I ■ 
To ensure that the semisimple superalgebra U^p is simple, it is enough to ensure 
that Vk is a simple f/j^-module. For this, we take an irreducible submodule Vi of 
Vk- Note that Vk = U^v. We can then take a nonzero element in Vi, written as 
fv with / G Uy:,. Then Vi = U^fv. There exists R G U{q), satisfying R = f. 
Observe that for Vi := U{g)RQv C Vq, V := Vi ®z IF is a non-trivial submodule of 
D(fl) in Vf. Hence, Vi and Ve are two ^.-lattices of Vf. Since Vf is an irreducible 
D(0)-module over F and Vi C Ve, there must exist P E Z such that Vi = PVq. 
Hence Vi = V\ ®(z^ip) k = PVq ®(z,(p) k (note that (p{G) is a nonzero number in k 
and i? = / 7^ 0). We get (p{P) 7^ 0, hence Vi = Vk- So, is a simple U{g)-m.odu\e 
arising from if, which is a unique simple module of the simple superalgebra U^, 
up to isomorphism (cf. Remark [3.7p . Therefore, it suffices to take W equal to 21. 
Then it is a desirable open set of Spec(2:,). □ 

Remark 5.3. That C appearing in the first paragraph of §5.21 is related to the 
choice of irreducible D(0)-module Vf. We can choose appropriate Vv such that 
6 = 1. In fact, U{q) itself is a ^.-lattice in the regular D(0)-module. Hence the 
central simple (super-) algebra 2)(0) over F can be decomposed into the direct 
sum of some (left) regular irreducible supermodules as: 2)(g) = 0j (cf. [201 
Proposition 2.11]). Then U{q) (1 Ui becomes a !^-lattice. In such a case, — 1. 

5.3. We need to understand the field extension Frac(2.) : Frac(2.o)- The following 
theorem is very important to the latter discussion. 

Theorem 5.4. (cf. [321 Theorem 5.1.6]^ Let X and Y be irreducible varieties and 
let ip : X — > Y be a dominant morphism. Put r = dimX — dimF, there exists 
non-empty open subset U of X with the following properties: 

(1) Restricting on U, ip is open morphism U — y Y . 

(2) // Y is the irreducible closed subvariety of Y , X is the irreducible com- 
ponent of ip~^{Y) intersecting with U. Then dimX = dimF + r. In 
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particular, if y & Y, any irreducible component of ip^^{y) that intersects U 
has dimensional r. 

(3) If k{X) is algebraic over k(Y), then for each x & U, the dimension of the 
points in the fiber of (p~^ {(f{x)) is equal to the separable degree [k{X), k{Y)]s 
ofk{X) overk{Y). 

Lemma 5.5. Maintain the notations as previously. The separable degree of Frac{%) 
over Frac{Zo) is not smaller than p^ , r = dim(). 

Proof. By Proposition 13.21 Z is integral over Zq. Thus we have a surjective map of 
irreducible varieties : Spec(2.) — > Spec(2.o), induced from the inclusion Zq ^ Z 
(cf. [29l ChV. §1. Ex.3] for surjective property). Consider the canonical Gcv- 
equivariant mapping sequence: 

Spec(?7(0)) Spec(2,) — ^ Spec(2.o), 

where vr : Spec(?7(0)) — > Spec(2.) is defined from the central character associating 
to an irreducible representation. By lemma 15.21 vr is generically bijective, that is, 
there exists an open dense subset W of Spec(2:>) such that vr : n'^iW) — W 
is bijective. Put U = 0~^(Gev ■ Note that Gev ■ f2 is an open set of Qq*, 
thereby regarded as an open set of Spec(2.o). Hence U becomes an open set of 
Spec (2,). Consider S = U H W . It is an open dense subset of Spec (2.). For 
X £ Gcv ■ fi, we might as well take x ^ ^ without loss of generality. Set A(x) = 
{A I xlh)P - A(/iW) = xihf for h G f)}. Recall that the set {Z^(A) | A e A(x)} 
is just a complete set of Gev-equivalent classes of irreducible modules (cf. 
Corollary 5.7]). The number of the points in 0~^(x) is bigger or equal to p^ . Since 
(j) is finite dominant, by Theorem 15.4( 3). the separable degree of Frac(2.) over 
Frac(2.o) is not smaller than p'^. □ 

Assume dimgg = s, dimgj = t. Then t is even in our case. 

For the convenience of arguments in the sequel, we will continue to introduce 
the central-valued function 9 associated to a given pair (x. A) for D(0) and for 
U{q), as we have done in the arguments used in Lemma 15. 2[ where x e Q and 
A G A(x). This G is somewhat a concretization of the specialization introduced by 
Zassenhaus in [iQl Page 25] which lays a foundation for the modular representation 
theory of Lie algebras. 

Let's introduce 0, which is by definition the canonical algebra homomorphism 
from U{q) to U{q)/{z — Q(^^^^x){z)), where {z — Q(^^^^x){z) ■ 1) means the ideal of U{q) 
generated by z taking all through Z, and Q(^^^x-){z) is defined hj z-vx = Q(^^x){z)vx, 
where vx is the canonical generator of the baby Verma module Z^{X). The category 
of 6(?7(0))-modules is a subcategory of ?7^(g)-modules. 

Proposition 5.6. Frac{Z) is separable over Frac{ZQ), and [Frac{Z) : Frac(2.o)] = 
p^ ,r = dim i) . 

Proof. On one side, we fix x G a regular semisimple p-character. Then, associ- 
ated with X the baby Verma module Zy^{\) is an irreducible U^{Q)-modu\e (cf. [381 
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Corollary 5.7]), and 

dim Z^{X) = p(dimgo-r)/22dimgj/2 _ pS-r/22t/2^ (5^^^ 

On the other side, we recall that T){q) is a central simple F-algebra, all simple 
!D(0)-modules are isomorphic (cf. Remark 13.71) . Still assume that Vp is a simple 
D(0)-module with dimension /, which admits a Z-lattice V = U{q)v (cf. Remark 
15.31) . We may write = 'D{q)v. Thus, given /c-valued for Z as previously, we 
can take Vk = Q{U{q))v. In this way, we actually have had a module-operator 
-.V ^ Vk, satisfying e^{uw) = e{u)e^{w), e^{v) = V, for each u G U{q), 

w eV. 

Recall that as in Remark |5.3[ T){q) is the sum of isomorphic simple left modules, 
^(fl) = Si=i ^ — ^(fl)^*) s-iid Vf is isomorphic to each Vi. In the following ar- 
guments, we might as well assume Vf = Vi. Thus, 0(ui) 7^ 0, and Vk = Q{U{q)ui). 
Next we claim the dimension inequality: 

dimip V{q) > dimk e(f/(s)) > dimfe Endk(Vk) > (dimk Z^{X)f. (5.2) 

Let's prove it below. The first inequality is obvious. As for the third inequality, 
it is because that Vk is a ?7;^(0)-module, and Z^{\) is an irreducible t/^(g)-module, 
while all irreducible ?7j^(0)-modules have the same dimension. Hence, it is enough 
to prove the second inequality. For this we only need to verify that Vk is an 
irreducible 6(?7(g))-module. If this is not true, then Vk must contain a proper 
irreducible submodule W which is of form Q{U{g))Q^ (uui). Put U' = U{g)uui. 
Then W = 6(f/'). Noticing that in T){g), the left ideal U' must be a direct sum of 
some simple left ideals (cf. [201 Proposition 2.11]), we may assume that U' contains 
the summation U{g)ui which naturally satisfies Q{ui) 7^ 0. Under the action of 6, 
0([/(g)ui) is isomorphic to Vk = Q{U{q)ui), as 9(f/(0))-modules. This gives rise 
to a contradiction: Vi ^ W = &{U') D Q{U{g)ui) = Vi. Thus, we complete the 
proof of fl5:2|) . 

Recall (dimZ^(A))2 = p"-^2*. We then have dimFT»(0) > p'-''2\ Therefore, 
[Frac(2,) : Frac(2,o)] < dimFi.ac(Zo) ^(fl)/ dimfV^Q) < p^. Combined with Lemma 
15.51 [Frac(2,) : Frac(2.o)] = = [Frac(2,) : Frac(2,o)]s- Hence, the inequalities in 
()5.2p turn out to be real equalities. □ 

5.4. For the further arguments, we need some preparation involving (geometric) 
quotient spaces (to see [3], [9] and [26] for more details). 

Definition 5.7. (cf. [9], §11.6.1]) Let ( : V — > W he a /c-morphism of /c-varieties. 
We say C is a quotient morphism if the following items satisfy: 

(1) ( is surjective and open. 

(2) U U G V is open, then induces an isomorphism from k[({U)] onto the 
set of / G k[U] which are constant on the fibers of (\u. 

Definition 5.8. (cf. [3 §11.6.3]) We fix a /c-group H acting /c-morphically on a 
variety V. 
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(1) An orbit map is a surjective morphism ( : V — > W of varieties such that 
the fibers of ( are the orbits of G in V. 

(2) A (geometric) quotient of by if over k is an orbit map ( : V — y W 
which is a quotient morphism over k in the sense of Definition 15.71 In this 
case, W is called the (geometric) quotient space of V by H , denoted by 
V/H. 

Now we have a key lemma for our main theorem. 
Lemma 5.9. [Frac(2:,)'^™ : Frac^Zo)'^"''] = p'' ■ 

Proof. The proof is a "super" analogy of [231 Lemma 4.4]. We still give the details 
for the readers' convenience. 

By Proposition 15. 6[ Frac(2.) is a separable extension over Frac(2.o); and the 
separable degree is p^. Consider the surjective Gev-equivariant map of varieties 
: Spec(Z) — > Spec(Zo) induced from the algebraic embedding Zq Z. Recall 
that Spec(2,o) can be regarded as qI^^^ ■ By Rosenlicht's theorem (cf. [27]), has 
a Gcv-stable open dense subset V such that the quotient space of V by Gcv can 
be defined. Since Vq := Gev ■ is an open set of g^, then U = fl Vq is a Gev- 
stable open set of irreducible variety Qq. Moreover by the property of geometric 
quotients, we have k{U/Gev) = Frac(2,o)'^°'', where the geometric quotient U/Gev is 
the Gov-orbit space of U. Set W = 0~^(f/), a Gcv-stable open set of Spec(2,). Note 
that the stabilizer (Gev)x of X in G'cv acts trivially on 4>~^{x)j for X ^ U. Hence, 
the geometric quotient W/Gcv exists, which then induces naturally a morphism of 
orbit spaces 

Comparing Theorem 15.4( 3). we know that (pc^v is still a separable morphism with 
degree p^. The proposition follows. □ 

The following lemma is for ordinary Lie algebra case. 
Lemma 5.10. (cf. [231 Lemma A.Q]) Frac(Zo)^™ = -Frac(2,o^™)- 

Then we will have the following super version of Lemma 15.101 
Proposition 5.11. Frac(2.)'^™ = Frac^Z'^"") . 

Before the proof, we need the following result. 

Theorem 5.12. (cf. P, 1.5.3]^ Let X be an affine algebraic variety with an action 
of an affine reductive algebraic group. Then there exists a unique (up to an iso- 
morphism) algebraic variety Y such that k[Y] = k[X]'^ , The variety Y is called the 
affine quotient space of X by the action of G. The inclusion k[X]'^ C k[X] induces 
a morphism ( : X — y Y . The morphism ( is called the afhne quotient morphism 
of X by the action of G. 

Proof of Proposition 15.111 By Hilbert-Nagata Theorem, Z'^"^ is finitely gen- 
erated (cf. [Ml Theorem A.1.0]). Set X = Spec(Z), Y = Spec(2,^-), denote by 
C : X — > Y, the morphism of irreducible varieties induced from the inclusion 
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2;Gev ^ 2,. By Theorem 15.121 satisfies the property of affine quotient map. 
Then ( is submersive (see f2E\ Theorem A. 1.1] or [31 Theorem 1.5.4]). Moreover, 
by [2S1 Proposition 1.9], there exists a maximal Gev-stable open subset X of X 
such that C restricting on X is geometric quotient map. Let Y = ({X ), then 
X = C~^(^ ) (see [261 Theorem A. 1.1] or [3l Theorem 1.5.4]). Hence Y is an open 
set of Y. From the irreducibihty oi X,Y, it follows that Frac(/c[X]) = Frac(A;[X ]) 
and Frac(A;[r]) = FTac{k[Y']). Again by P Proposition II.6.5], Frac(A;[X'])^°^ = 
Frac(A;[y ]). Therefore, Frac(2.)*^'='' = Frac(2!,*^°''). We complete the proof. 

Remark 5.13. We have a more general result than the above proposition. 

G-quotient Lemma. Let k be a field with prime characteristic, and A be a 
finitely generate integral k-ring. If G is a reductive algebraic group or finite group 
of A acting on A as automorphism of A, then Frac{A)^ = Frac{A'-^). 

Proof. When G is a reductive algebraic group, the proof can be seen in Proposition 
15.111 For the case of finite group G, by Deligne's theorem (see [3l Theorem 1.4.3.2]), 
the canonical affine quotient map Spec (A) — > Spec{A'^) is a geometric quotient 
map. The lemma follows. □ 

5.5. Proof of Theorem 11.2( 1): According to [23l Lemma 5.4] and its proof, we 
have known that f/(f))^ is integral over (f/(f)) nZo)'^, [Frac(f/({))'^) : Frac((f/({i) n 
Zo)^)] < p\ and that 7(^0^°^) = {U{\]) n Zq)^ . Taking Proposition |45| into 
account, we consider the following computation: 

[Frac(?7(f))^) : Frac((f/(f)) H Zo)"^)] 
= [Frac([/([))'^) : Frac(7(Xo^°^))] 

= [Frac([/([))^) : Frac(7(2,^-))] [Frac(7(2.^-)) : Frac(7(2.o^°^))] 
= [Frac(?7(f))^) : Frac(7(Z^-))] [Frac(Z^°-) : Frac(Zo^'°^)]- 

By Lemma 15.101 Proposition 15.111 and Lemma 15.91 we have 

[Frac(2,^^^) : Frac(Zo^"^)] = [Frac(Z)^^^ : Frac(Zo)^"1 = 

Hence it follows in force that Frac(?7(P))^) = Frac(7(2.*^''^)). Thus we complete the 
proof. 

Remark 5.14. We remind the readers to compare the result with the one for the 
complex Lie superalgebras (cf. [221 Lemmas 1-2]). 

Proof of Theorem I1.2f 2): Consider the inclusion Zq ^ Zi "-^ Z, and Z^''^ 
Zi Z. There is a commutative diagram of dominant morphism of irreducible 
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varieties 



Spec(2,o) 



Spec(2.) 




Spec(Z^-). 



By the proof of Proposition 15.111 there exist a Gev-stable nonempty open subset 
V of Spec(2,), and a Gev-stable nonempty open subset W of Spec(2:>*^°'') such that 



dense subset of Spec(2.o), say Ui. Set U = Ui H f2 (W). By the irreducibihty 
of Spec (2.1) and of Spec(2.'-^'=''), and by the dominance of /2, we have that t/ is a 
Gev-stable open dense subset of Spec(2.i). 

Take x & U. By Proposition 13.2( 2) and Proposition 15. 6[ both ipi and (p2 are 
finite separable morphisms. We assume that (f^'^{x) = {xi,--- ,Xd}- We assert 
that d = 1. Actually, by the choice of x there exists w E W such that f2{x) = w. 
Then ip^^{x) C (p^^ (f^'^ (w)) C (/a o {pi)~^(w) = f{^{w). According to the above 
arguments and the property of geometric quotient, Xi, ■ ■ ■ ,Xt are contained in one 
orbit. Now 2,*^°^ C Zi, hence the stabilizer {Gcv)x of x in Gcv permutes them 
transitively. Set y = f2{x). Then y G Gcv ■ ^1, and {Gev)x ^ {Gev)y Since 
by Lemma [4.1( 3) and Equation (14. ip . {Gcv)y acts trivially on the fiber over y of 
((/?2</?i)^\ the same is true for {Gev)x- Hence d = 1 as we asserted. Furthermore, 
since a geometric quotient map is submersive, two open sets </)^^(f/) and U are 
isomorphic. Therefore, we get that Spec(2.) and Spec(2,i) are birational equivalent. 
The proof is completed. 

Remark 5.15. There are some natural questions on the Zassenhaus variety Maxspec(2:>) 
remaining: 

(1) In which case is the Zassenhaus variety Maxspec(2,) normal? 

(2) Then how to describe the smooth points? 

(3) How do the geometric properties of the Zassenhaus variety reflect the rep- 
resentation theory of g? For instance, whether the locus of smooth points 
coincide with the Azumaya locus which reflects the irreducible modules of 
maximal dimension in the modular representations of usual classical Lie 
algebras as shown in [B]? 

We will make some investigation on these issues for g = osp(l|2) next sections. 



Let Q = 05p(l|2n) in this section. We will show that the homomorphism 7 
defined in Proposition 14.51 is an algebra isomorphism, and furthermore Z coincides 
with 2,1 appearing in Theorem 11.21 in such 




6. The further study of Z{g) for q = osp(l|2n) 
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6.1. Let {xi, ■ ■ ■ ,Xs} be a basis of gg, and {yi, ■ ■ ■ ,yt} a basis of gj. Then U{q) 
has a PBW basis consisting of elements of the form ■ ■ ■ x^^y^^ ■ ■ ■ y\*\, for non- 
negative integers aj , and 6j = or 1. 

By a direct verification, one can know that g satisfies a so-called absolutely 
torsion- free condition: [?/,?/] 7^ for any nonzero element y G 0i. So the universal 
enveloping superalgebra U (g) has the following featured properties. 

Lemma 6.1. Let g = 05p(l|2ri). The following statements hold. 

(1) U{q) has no zero-divisor. 

(2) The global dimension of U (g) is finite. 

Proof. (1) It follows from a criterion due to Aubry-Lemaire, judging the existence 
of zero-divisors for f/(g) (cf. [1]). 

(2) It's a direct consequence of [H Theorem 2]. □ 

There is a canonical filtration on U{q). Let = k^U^ = k + and U"^ be 
the subspace of U (g) spanned by all monomials of degree less than or equal to n. 
Here we take the x[s and the y[s to be of degree one. The associated graded ring 
Gr(f/ (g)) = A3j(|/i, ■ ■ • , |/J is an exterior algebra in ■ ■ ■ , yt over the polynomial 
ring "Ji := k[xi,--- ,Xs]. So Gr(f/(g)) is a Noetherian ring. Therefore, U{g) is 
Noetherian. Furthermore, by [211 Corollary 13.1.13] we know that f/(g) is a PI 
ring. The statements here are true for any finite-dimensional Lie superalgebras 
over k. 

Recall that a ring R is called Auslander-Gorenstein if i? is a Noetherian ring 
of finite (right and left) injective dimension with the additional property that for 
every finitely generated i?-module M and every submodule C Ext]^(M, R), one 
has Ext^(A^, i?) = V i < j. If furthermore R is of finite (right and left) global 
dimension, we call it Auslander-regular. Let j{M) = min{j : Ext'^(M, i?) 7^ 0}, 
then R is called Cohen-Macaulay provided that GKdim(i?) < 00, and j{M) + 
GKdim(M) = GKdim(i?) holds for every finitely generated i?-module M. If the 
analogous properties for R in the above holds when the GK dimension is replaced 
by Krull dimension, then we call R Macaulay. We have the following Lemma. 

Lemma 6.2. Let g = osp(l|2n). Then the enveloping superalgebra U{g) is an 
Auslander-regular, Cohen-Macaulay ring. 

Proof. By Lemma |6.1( 2). it suffices to show f/(g) is an Auslander-Gorenstein, 
Cohen-Macaulay ring. By the arguments in the paragraph concerning the canonical 
filtration of U{g), the associated graded ring Gr(t/(g)) is a Noetherian PI ring of 
finite injective dimension. The lemma follows from [55] Corollary 4.5]. □ 

Proposition 6.3. Let g = osp(l|2n). The center Z of U{g) is integrally closed, 
i.e. the affine variety Maxspec{Z) is normal. 

Proof. This is an application of j33l Theorem 5.4(iii) and Lemma 4.3], together 
with Lemmas 16.11 and 16.21 □ 

Hence we have the following result. 
Corollary 6.4. 2,*^™ is integrally closed. 
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6.2. The structure of Z{g). 

Theorem 6.5. Let g = osp(l|2n). Maintain the notations as in Theorems li.il and 
Then the following statements hold. 

(1) 7 : 2,*^™ — > U{i))^ is an isomorphism. 

(2) Z = Zi. 

Proof. (1) On one hand, 7 is injective (Proposition 14. 5p . On the other hand, 
Frac(7(Z^™)) = Frac(t/(f))^) (TheoremOl). By CoroUaryEai 7(2.^-) = f/(f))^. 
So, 7 is an isomorphism. 

(2) According to Theorem 11.21 Frac(2.i) = Frac(2.). And Z is integrally closed 
(Proposition 16. 3p . So it suffices to prove Zi is integrally closed. For this purpose, 
we only need to show the algebra Zq <S>ZqGcv Z'^"" is integrally closed. 

Notice that 2.*^™ is naturally a Zo'^'^'-module. We have Zq 2.*^"^' is isomor- 

phic to Zq ®Zo'^^^ f^(f))^5 as algebras. As W is the Weyl group of Qq, a classical 
fact reveals that Zq ®Zo°<'-" Uibi)^ is isomorphic to Z{qq) as algebras (cf. [361 3.1], 
j23l 4.7], [HI 3.5(5)], etc.). Here Z{qq) is the center of U{qq). As a well-known fact, 
2.(00) is integrally closed (cf. [IHl Lemma 6] or [Ml 6.5.4]), so is 2o ®i_^Gev 2*^*^". 
Thus we finish the proof. □ 

The following result is a direct consequence. 

Corollary 6.6. ^45 algebras, Z = 2(go). 

7. AzUMAYA LOCUS AND SMOOTH LOCUS OF MAXSPEC(2(0)) FOR g = 0Sp(l|2) 

From the arguments in the previous section, we know that 2 = 2(g) has the 
same geometrical properties as 2(0o) for S = osp(l|2?T,). In the concluding section, 
we will demonstrate the close relation between the representations of U{q) and 
the geometry of Maxspec(2(g)) for g = osp(l|2). However, it's not clear which 
points in Maxspec(2) are smooth, and what the precise relation is between the 
representations and the Azumaya property for n > 2. Those will be some topics 
in the future investigation. 

We begin our arguments with some understanding on super representations. 
Let A = Aq + Ai he a superalgebra over k. Denote by A-smod the category 
of finite-dimensional A-supermodules, and by A-emod the underlying even cate- 
gory of A-smod where we take the same objects of A-smod but only the even 
homomorphisms. 

7.1. The categories A-smod and A-emod. A superalgebra analogue of Schur 
Lemma states that the endomorphism ring of an irreducible module in A-smod is 
either one-dimensional or two-dimensional (cf. [TTl 2.4]). An irreducible module is 
said to be of type M (resp. type Q) if its endomorphism ring is one- dimensional 
(resp. two-dimensional). 

For any A-module M, there is a new module defined by exchanging the Z2- 
grading, which we denote by HM. It is easy to show that M is irreducible if and 
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only if UM is irreducible. Let s = dimMg, t = dimMj, and Mi, • ■ ■ ,Us (resp. 
vi, - ■ ■ ,vt) he a basis of Mq (resp. Mj). Define / : M — > UM by 



It is easy to see that / is an isomorphism of A- modules of degree 1. 

Lemma 7.1. Assume the number of isomorphism classes of irreducible modules in 
A-smod is finite. Let {Mi, ■ ■ ■ , Mi} (resp. {Ni ■ ■ ■ , A^^} ) be all non-isomorphic 
irreducible modules of type M (resp. of type Q) in A-smod. Then 



are all isomorphism classes of irreducible modules in A-emod. 

Proof. There is neither even isomorphism between HM, and IlMj, nor one between 
IIA'j and UNj, ^ j in A-smod. Otherwise, we could get an isomorphism between 
Mi and Mj, or between Ni and A'^-. Similarly, there is neither even isomorphism 
between Mj and HMj nor one between Ni and IlA'^j for i ^ j in A-smod. 

For Mj, there is no even isomorphism between Mj and IIMj, since the endo- 
morphism ring End^(Mj) is 1-dimensional and there should be no isomorphism of 
degree 1 in it. For Nj, we have an isomorphism between Nj and IIA'^- with degree 
0, since there is an odd isomorphism in EndA{Nj) . 

Let S be an irreducible object in A-emod. Then S is isomorphic to Mj or 
Nj for some i or j in A-smod, and then is isomorphic to one from the set 
{Mi,IlMi, Nj I i = I,-- - = I,-- - ,g} in A-emod. If S is isomorphic to 
Mj of degree 1 in A-emod, then S is isomorphic to IIMj in A-emod. For 
other three cases, we will get that S is isomorphic to Mj or Nj in A-emod. So 
Ml , ■ ■ ■ ,Mi, UMi , ■ ■ ■ , IIM; , iVi , ■ ■ ■ ,Ng are all isomorphism classes of irreducible 
modules of A-emod. □ 

The above lemma shows that the isomorphism classes of irreducible modules in 
A-emod can be recovered from those in A-smod. 

Let (T be a fc-linear involution of A defined by = (— for any homoge- 
neous element x G A where x G Z2 denotes the parity of x. It is easy to see that a 
induces an automorphism of order 2 of A. Let H be the group {1, o"}. We can form 
the skew group rings A := A^H, where xa = ax and ya = —cry, for all x G Ag 
and y E Af. Then A becomes an ordinary associative /c- algebra. 

Proposition 7.2. (cf. [171 2.12]j The A-module category A-Mod is isomorphic 
to the even category A-emod of A-supermodules. 

7.2. The skew group rings associated to g. Take g = osp(l|2n). We introduce 
an additional structure to U (g) for our further arguments. Recall g is a restricted 
Lie superalgebra, with p-mapping [p] on gg = sp(2?7,). For x ^ 00*; l^t be the 
ideal of 2-0 generated by x^ — — xi^Y ^or x G gg. Then Uy^{g) = U (q) / xriy^U (q) . 
Recall that U{q) has no zero-divsor (cf. Lemma [6.11) . 

We can form the skew group rings t/(g) := U{q)^H and U^{g) ■= U^{g)^H. In 
both of these rings, xa = ax and ya = —ay, for all x G gg and y G gj. 




{Ml,--- ,Mz,nMi,--- ,nM;,iVi,... ,iVj 
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Let Z be the center of the algebra U{g)4^H, and A{g) the anticenter of U{g). 
First we have the relation between Z and Z as follows. 

Lemma 7.3. Z = Z + (rA{g). 

Proof. Let z = x + ay = xq + xi + a{yQ + yi) G Z, where Xi, yi are homogeneous 
elements of degree i, then 

(x + ay) {x' + ay') = {x' + ay') {x + ay), W x' ,y' e U (0) 

from which we have 

xx' + {yo - yi)y' = x'x + {y'^ - y'^)y; 
(xo - xi)y' + yx' = y'x + {x'q - x'^)y. 

If y' = 0, then a; G Z, so xi = 0; and then we have 

{yo-yi)y' = {y'Q-y'i)y; 
yx' = (xg -x'^)y. 

If x' = y' and y'^ = 0, then x'^yi = for any x'^ G U{q)i, and hence yi = 
since U{g) is a domain. If x'^ = 0, then yx'^ = Xq?/, that is to say y commutes 
with the elements of U{q)q. Now using the first equality above, we get yy'^ = —y'ly 
which means y anticommutes with the elements of U hence y G A{q), therefore 
2. C 2, + aA{g). The inverse direction is obvious. □ 

Lemma 7.4. The following statements hold: 

(1) U{q) and Z are both Noetherian affine k-algebras. Moreover, U{q) is finitely 
generated over Z and Z is integral over Zq . 

(2) U (q) is a prime ring. 

Proof. (1) Since C 2. C 2. and U{q) is a free 2o-module with finite rank. 

(2) Let a = ai+a2a, b = bi+b2a E U{q) with acb = for any c = Ci +C2O" G U{q), 
we then have 

(aici + 02(0^ - + (aiC2 + 02(0? - ci))(6° - bl) = 0, 

(aici + a2(c^ - 4))62 + (aiC2 + 02(0? - c\))lb1 - 6}) = 0, 

where c^, cj are the homogeneous components of Ci. 
In particular, if Ci = C2 = 1, then 

{a, + a2){bi + bl - bl) = 0, 
{ai + a2){b2 + b'i-b\) = 0. 

Since is a domain, we get ai + 02 = 0, or b^ = —62 and bl = b\. 
If Ci = 1, C2 = —1, then 

{a^-a2){bi-bl + b\) = Q, 
{a^-a2){b2-b\ + b\) = Q. 

and we get ai — 02 = 0, or 6^ = 6° and 6j = —62- 

If ai + 02 = and ai — 02 = 0, then ai = 02 = 0, so a = 0; 
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If fli + a2 = and 6° = 6° b\ = —b^, then b2<J = chi. In this case ai(l — 
cr)(ci + C2cr)(l + a)hi = 0, for any Ci,C2 G f/(s). If C2 = and 7^ Ci G we 
have 

2aiCi6i + 2aiCiahi = 0, 

from which we get ai = 0, or Cibi = 0. Since Ci 7^ 0, we have Oi = or 61 = 0. 
Hence a = ai(l — cr) = or 6 = (1 + a)bi = 0. Similarly, we can also get a = or 

b = for the other two cases. Therefore, U (g) is prime. □ 

In order to make use of the algebra U{q), we need to know more about the 

relations between the representation categories of U{g) and of U{g). 

As used before, denote by U^{Q)-M.od the category of f/^(g)-modules. For any 

M G Ob(f/;^(g)-Mod), M can be decomposed into the sum of eigenvalue spaces 
of a. Since = id, the eigenvalues are 1 and —1. Let Mj denote the eigenvalue 
space corresponding to eigenvalue i , i = 1,-1. Define a correspondence F : 

[/x(g)-Mod — y U^{g)-emod via F(M)o = Mi and F{M)i = M_i. And define 

G : U^{g)-emod — )■ U^{g)-'Mod via (t|a/(j = id and cr\M^ = —id. Obviously, F 
and G are functors of categories. Proposition 17.21 says that the functors F and G 

are quasi- inverse. The category f/^(g)-Mod is isomorphic to the underlying even 
category of f/^(g)-emod. Furthermore, the following lemma is clear. 

Lemma 7.5. For any x ^ 00*; there is an isomorphism between U^^Iq) and the 

quotient algebra f/(g)/m^f/(g) , where m^^ is the ideal of Zq generated by x^ — x^^^ — 
x{x)P for X G go- 

Proof. There is a natural map 
given by 

ip{a + ba) = a + ba, y a,b E U{q). 

It is easy to show that this map is well-defined and it is indeed an isomorphism of 
algebras. □ 

7.3. Irreducible modules for g = osp(l|2). From now on, we turn to the case 
when g = osp(l|2). Recall that g = osp(l|2) consists of 3 x 3 matrices in the 
following (l|2)-block form 

V u 
u a b 
—V c —a, 

with a, 6, c,u,v G k. The even part is spanned by 



h= \ 1 , / 
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A basis of the odd part is given by 








1^ 






1 



























0) 












We collect the commutation relations of these basis elements as below: 

[h,E]=E, [e,E] = 0, [f,E] = -F; 
[h,F] = -F, [e,F] = -E, [/,F]=0; 
[E,E]=2e, [E,F] = h, [F, F] = -2/ 

By the above relations we can easily show that S = EE — EE + | commutes 
with the even part, and anticommutes with the odd part. So, Sa G Z. 

Since Qq ~ s[(2), there are three coadjoint orbits of qq* with the following repre- 
sentatives: 

(i) regular nilpotent : Xo(e) = Xo(^) = and Xo(/) = 1; 

(ii) regualr semisimple : = = and Xi(^) = for some a ^ k^; 

(iii) restricted : X2(e) = X2ih) = X2U) = 0, ^-e. X2 = 

Recall that for x from the above (i)-(iii), one has a baby Verma module Zy^{X) := 
^x(s) ®u^{h) k\ where b := ke + kh + kE with A satisfying — A = xi^Y- Then 
Z^(A) has a basis := ® 1, = 0, 1, ■ ■ ■ ,2p — l with g-action as listed as in [381 
§6.2]. For the readers' convenience, we list the descriptions of isomorphism classes 
of irreducible modules for 05p(l|2) as below (modulo equivalence arising from the 
Gcv-conjugation) . 

Proposition 7.6. (cf. [381 §6]j Let g = osp(l|2). The following statements hold. 

(1) The superalgebra ^^xolfl) distinct isomorphism classes of irreducible 
modules, which are, Z^g{X) for A = 0, 1, ■ ■ ■ , with Z^g{\) = Z^g{p — 
A — 1). All those irreducible modules are of type M except A = The 
exceptional one is of type Q. 

(2) The superalgebra U^iio) has p distinct isomorphism classes of irreducible 
modules, represented by Z^^(A) with — \ = . All those irreducible 
modules are of type M. 

(3) The superalgebra Uo{q) has p distinct isomorphism classes of irreducible 
modules L{X) for A = 0, ■ ■ ■ ,p — 1, which is the unique irreducible quotient 
o/Zo(A). Moreover, L{X) has dimension 2A + 1. 

7.4. Continue to work with q = osp(l|2) and keep the notations as in the above 
subsections. Set U = Gcv ■ Xiy ^ = ■ X2- Note that U UV is the set of all 
regular elements of and dim([/ UV) = dimg^ = 3. 

Recall that a ring R with center C is called an Azumaya algebra over C if 
and only if i? is a finitely generated projective C-module and the natural map 
R (g) — y Endc(-R) is an isomorphism. Define 

A: = {m G Maxspec(2,) | U{g)^ is Azumaya over Z^}, (7.1) 

as in [71 §3.2]. The set A is called the Azumaya locus of U{q). 
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By Lemma I7.4[ U (q) is a prime Noetherian ring which is module-finite over its 

center Z. Thus, Proposition 3.1 in [7] tells us that U{q)^ is an Azumaya algebra 

over Zm if and only m = 2. fl AnnM for some irreducible module M of maximal 
dimension. 

Note that each irreducible U (0)-module becomes in a natural way an irreducible 

U^(g)-modu\e for some x ^ 00*- By Lemmas 17.11 and 17.51 the maximal dimension 

of irreducible [/(0)-modules over k equals to the maximal dimension of irreducible 
f/(g)-modules over k. And this dimension is 2p (cf. Proposition 17. 6p . So the 

dimension of all irreducible f/^(g) -modules are 2p for x ^ UUV and the dimension 

of all irreducible Uo{q) := t/o(0)#-f^- modules are less than 2p for x = 0. We have 
the following lemma. 

Lemma 7.7. Keep the notations as before. The following statements hold: 

(1) A = {m G Maxspec{Z) \ mfl 2.o = i^x'^ X ^ U U V}, where is the same 
as in Lemma \7. 5[ 

(2) The locus of non- Azumaya points of Z has codimension 3 in Maxspec{Z). 

Proof. (1) For any given x ^ So*? there is a fc-algebra morphism ^ : Z — > k such 
that ^1 — X^- Then m :— ker ^ G Maxpsec(2>), and mn — tn^. Let k^ stand for 
the corresponding one-dimensional ^.-module. Consider := U{q) Note 
that U{q) is module-finite over Z. So Z^ admits an irreducible quotient U{q)- 
module, say M. Then M is actually an irreducible [/^(0)-module. Obviously, 
m = Ann^^(M) n Z. 

By Proposition 17.61 and the arguments before the lemma, M has maximal di- 
mension if and only if x ^ U UV. Statement (1) follows. 

(2) Set X := {m^ \ x & U U V}. Then X is an open subset of Maxspec(2,o) with 
complement of codimension 3. Since Z is module-finite over Zq, the restriction 
map 7 : Maxspec(2,) — > Maxspec(2,o) has finite fibres; therefore 7~^(X) is an 
open subset of Maxspec(2,) with complement of codimension 3. By (1), 7~^(X) is 
exactly the Azumaya locus of U{q), and (2) follows. □ 

Proposition 7.8. Let m G Maxspec{Z). Then U{q)^ is projective over Zm if and 
only ifU{Q)^ is Azumaya over Z^, i-C. m G A. 

Proof. By the arguments in the proof of Lemma 17. 7^ we can assume that m = 2. H 
Annj^^(M) for some irreducible ?7(0)-module M. Assume that U{q)^ is projective 

over Zxn- By [TJ Lemma 3.6] it is enough to show the non-Azumaya locus of Z 
has codimension at least 2. This is ensured by Lemma [7.7( 2). Conversely, from 

the definition of Azumaya algebra it follows that U{q)^ is projective over Zm for 



m G A. 



□ 
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7.5. Recall that S = EF-FE+ \ e A{g). And then Sa e Z. Applying Corollary 
16.61 to g = osp(l|2), one easily has the following observation. 

Lemma 7.9. Let g = osp(l|2). Then Z is generated by Zq and S"^. 

Lemma 7.10. Maintain the notations as above, then A{q) = ZS. 

Proof. Assume that T e A{q), then TS e Z, i.e. TS = a^S'^'^ + ■■■ + aiS^ + oq 
where Oq, • • ■ , a„ G for some n eN. So (T — a„5'^"'~^ _ . . . _ ai5')5' = Qq. 

If ao = 0, then T = a^^^n-i a,S^'-^ a^S eZS, which is desired. 

If ao 7^ 0, we replace T by T — anS"^^'^ _ . . . _ aiS. The new T is still in A{q), 
satisfying TS = 7^ 0. We only need to show that the new T is in ZS. Since 
A{q) G ^7(0)0, we can assume T = uq + U3EF where mo,M3 G U^qq). Then 

= (-uo/i + ^uo + 2n3e/) + {2uo + n3(/i - 2) + ^^3)^^ = ao, 
which implies that 

1 1 
-uoh + -uo + 2u^ef = ao, (2mo + usi^h - 2) + -u^)EF = 0. 

So 2no + U3{h — 2) + ^u^ = i.e. 2mo = —U3{h — |), then 

-Uoh + ^uo + 2^36/ = ^{h^ + 2h + 4/e + ^) = ^(5^ + 5). 

Denote |((^ii - ^22)^ + 2(^ii - E22) + 4^21^12) by fi. Note that 1^ is a Casimir 
element of the Lie algebra 5[(2), and the center of ?7(s[(2)) is generated by Zq and 
fl. In our case fl = + 2h + 4/e), so S*^ + S* = 8fl + |. Hence we can replace 
nhy S^ + S. Thus 

= + 1)5 = ao G Zo therefore U3 G 2,(t/(go)). 

We write 

^ = + ■ ■ ■ + + 60 = + Sr + --- + b,{S^ + S) + bo=x + yS 

where bi G 2,o. Then x,y &Z, therefore 

T = (x + y5)(5 + 1) = (x + y)5 + (x + y^'). 
Since X + yS"^ G 2,, we have T = (x + y)^ G ZS. □ 

Corollary 7.11. 2. is a free Z-module. 

Proof. This follows immediately from Lemmas 17.31 and 17.101 □ 

7.6. Let's recall some local properties of Noetherian rings. 

Lemma 7.12. (cf. [H Proposition 3.10]^ Let R be a Noetherian commutative ring, 
M a finitely generated R-module. Then the following conditions are equivalent 

(i) M is projective; 

(ii) M is fiat; 

(a) Mp is a free R^-module for each prime ideal p; 
(Hi) Mm is a free R^^-module for each maximal ideal m. 
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Proposition 7.13. Let M be an irreducible U^{Q)-module with x ^ U U V . Then 
U{g)m is projective over for m = Ann^(M), 

Proof. Note that the dimension of irreducible t/(0)-module M is maximal. So 
f/(0)~ is Azumaya over for m = Annj^(M). By Proposition 17.81 

f/(g)~ is finite free Zfi^-module. (7.2) 

The same thing as ( \7.2\\ happens with respect to any irreducible U^{Q)-module 
N for X £ U U V. Note that the maximal ideals of Z^ are of the form Qm with 
Q = Anng(A^) for some irreducible [/^(0)-module, x ^ UUV (cf. Lemma r77|) . And 

then U {q)q is finite free 2.Q-module for each maximal ideal Q of Z (cf. (17. 2p ). From 

Lemma [7. 121 it follows that U{q)^ is projective over Zm- By Corollary 17.1 ![ U{q)^ 

is projective over Z^- Now U^q)^ is a direct summand of t^(0)„^ as a Zm-niodule. 
Hence, f/(0)m is projective over Z^- □ 

As listed in Proposition 17.61 the p isomorphism classes of irreducible Uo{q)- 
modules are exactly L{X), A = 0, ■ ■ ■ ,p — 1 with dimL(A) = 2A + 1 < 2p. 

Proposition 7.14. U{g)m is not projective over Zm for those maximal ideals m = 
Annz(L(A)), where X^^- 

Proof Let V = {L(0), ■ ■ ■ , L{p-1), nL(0), ■ ■ ■ , UL{p-l)} and P = Anng(M) for 
M G V. All those M fail to be irreducible^odules of maximal dimension. Set 
m = P n Z. Note that we have shown U{q)p is not Azumaya over Zp (cf. [TJ 
Proposition 3.1]). By Lemma [7. 121 and Proposition 17. 8[ it is enough to show that 

f^(s)m is a free Zm module if U{g)m is projective over Zm- 

Suppose U {Q)m is finitely generated projective over Z^- Since Zm is local, U{Q)m 
is a finite free 2.m-module. Let ui, ■ ■ ■ ,Ur he a. basis of U{g)m over Zm- Note that 
S"^ acts on L{\) by the scalar (A + |)^, hence S'^ ^ m. Thus G Zm- Assume that 
S M2, ■ ■ ■ , Ur) = ' ' ' ; Ur) D where D is a (r x r)-matrix with coefficients 

in Zm, so 5*^ U2, - ■ ■ , Ur) = [ui, U2, - ■ ■ , Ur) , which implies = S"^! where 
/ is the (r x r)-identity matrix since S"^ G Z- 

Let X be any element in U {Q)m- Thus there must exist Ci, • • • , G Z-m such that 

r 

X = ^ CiUi, and then 

i=l 



X 



, Ur 



/Cl\ 

C2 

\Cr/ 



{ui,U2, ■■■ ,Ur) —D^ 



C2 

\cj 



1 



(5'ui,5'u2, ■ ■ ■ ,S'nr.) — D 



/cA 

C2 
\Cr/ 



i=l 



i=l 
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where {di, d2, - ■ ■ , dr) = ■§2{ci, C2, ■ ■ ■ , c,.)D\ and therefore di G Z^- 

Thus for any x + ax' G U{g)^ with x,x' G f/(s)m! there exist Ci,c[ G Z.^, i 

r r 

1, ■ ■ ■ , r such that x = J2 ^i'^i ^'^d x' = ^ Sc'^Ui. Hence 

i=l i=l 



r 

X + ax' = CjMj + a S'c-Mj = ^^(q + crS'c-)Mi 

1=1 i=l i=l 



which imphes that Mi, ■ ■ ■ ,Ur generate U{q)^ over 2,n,. We want to show further 
that {ui, ■ ■ ■ ,Ur} is a basis of U{g)^ over Z^.- If + crSdi)ui = for some 



1=1 



Ci, di G Zm, then ^ CjMj = and ^ c/jMj = 0. By the freeness of Mi, ■ ■ ■ , Ur over 

i=l i=l 

Zm, we get Ci = di = for any i. So ■ ■ ■ ,Ur} is indeed a basis of ^/(b)^ over 
2.^. Thus the proposition is proved, in view of the analysis in the beginning. □ 

7.7. We are in the position to state our main theorem of this section. Let B = 
{Ann2,(M) | M is a simple U^{q) module with x regular}. 

Theorem 7.15. The smooth locus of Z{q) are the union of B and Ann^(L(2^)). 

Proof. We first claim that Zm is regular if and only if U{Q)m is projective over Zm for 
any m G Maxspec(2.). By Lemma [6. 2 [ the "only if part follows from [3 Proposi- 
tion 3.7]. For the other part, we assume that U{Q)m is projective ^.^-module. Then 
U{Q)m is finite free over Zm since 2.,,^ is local. Write U{Q)m = 0*^ Z^- Then U{g)m/ 
^U{g)m = 0^ 2.m/m2,ni- A finite projective [/(g)m-resolution of U{g)m/vnU{Q)m 
affords a finite free 2.m-resolution of U{g)m/vaU{Q)m- Since Z-m/mZm is a direct 
summand of U{g)m/vciU{g)m, it follows that Z-m/triZm has finite projective dimen- 
sion. Thus Zm is regular by Serre Theorem ([28l Theorem 9.58]). 

By Corollary 16.61 Z{g) is isomorphic to 2(00) = ^.(sK^))- As we know, there 
are exactly p — 1 singular points in 2.(sl(2)) (cf. [191 §5] and O §3.11 and §3.15]). 
Now by Proposition I7.14[ there are already p — 1 singular points of Z{g). So the 
theorem follows. □ 

Remark 7.16. From the above theorem, we know that the relation between the 
Azumaya locus and the smooth locus of Maxspec(2,) for classical Lie superalgebra 
is different from the situation for classical Lie algebras. In addition. Proposition 
17.131 gives us another way to judge the smoothness of those points corresponding 
to irreducible modules with maximal dimension. 
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